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What'’s it about? Full information game is about hedging, while
bandit game also features the fundamental tension between
exploration and exploitation.
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96, Littlestone and Warmuth 94, Vovk 90|

Assume for simplicity ¢:(i) € {0,1}. MW keeps weights w; ; for
each action, plays from normalized weights, and update as follows:

Wit41 = (1 - Uft(/.))Wi,t-

Key insight: if /* does not make a mistake on round t then we
get “closer” to d; (i.e., we learn), and otherwise we might get
confused but /* had to pay for it.

Theorem
For any n € [0,1/2] and i € [n],

|
Lr < (14l + 80

By optimizing n one gets Rt < 2,/ T log(n).
Note that Q(1/ T log(n)) is the best one could hope for.
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nLt — log ( > Li 7+ <'log(n),

1—
and the proof is concluded by log ( ) <n+n?fornel0,1/2].

The mirror descent framework (Lec. 2) will give a principled
approach to derive both the MW algorithm and its analysis.
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In other words we can study the minimax regret by designing a
strategy for a Bayesian scenario where £ ~ v and v is known.
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we make observations, we can update our knowledge of i* with the
posterior distribution. Denote [E; for this posterior distribution
(e.g., in full information E; := E[-|¢1,...,l¢1]).

By convexity of A([n]) =: A, it is natural to consider playing from:

pt := E¢ 6.

In other words we are playing from the posterior distribution of the
optimum, a kind of “probability matching”. This is also called
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The regret of this strategy can be controlled via the movement of
this Doob martingale (recall ||¢¢]lo0 < 1)
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Question: is a martingale in A, “stable”? Following famous
inequality is a possible answer (proof on the next slide):

-
E " [lpe — pesall; < 2log(n).

t=1

This yields by Cauchy-Schwarz:

T T
EZHPt*PtHHl < TXEZHPt*PtHH% < /2T log(n).
t=1 t=1

Thus we have recovered the regret bound of MW (in fact with an
optimal constant) by a purely geometric argument!
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-
EZ lp: = pesalli < 2log(n).

t=1

By Pinsker’s inequality:

1 ok -k
EHPt — per1llf < Ent(pega; pe) = Ente(i*|6e; i*) .

Now essentially by definition one has (recall that
I(X.Y) = H(X) — H(X|Y) = EyEnt(px/y: px)):

B, Ente(i*[0e; i*) = He(i*) — Heen (i) -

Proof concluded by telescopic sum and maximal entropy being
log(n).
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The norm || - || has M-cotype (C, q) if for any martingale (x;) one

has:
T 1/q
<EZ [Ixe — Xt+1||q> < CElxraall-
t=1

In particular this gives a regret in C Ti-1/q,
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Important: these are “dimension-free arguments”, if one brings
the dimension in the bounds then the story changes.
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particular for the full information game the “learning” part happens
automatically. This is captured by the fact that the variation in
the posterior is lower bounded by the instantaneous regret:

IEt<Pt — i, be) = Ee(pr — pt+17€t> < IEt”Pt - Pt+1H1 .

In the bandit game the first equality is not true anymore and thus
the inequality does not hold a priori. In fact this is the whole
difficulty: learning is now costly because of the tradeoff between
exploration and exploitation.

Importantly note that the cotype inequality for /1 is proved by
relating the ¢1 variation squared to the mutual information
between OPT and the feedback. Thus a weaker inequality that
would suffice is:

Ee(pr — 6i=, be) < C /1e(i*, (it £ (i),

which would lead to a regret in C+/ T log(n).
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— S, Le) Zpt (Ze(i) — Le(i, 1)),

and

le((it, Ce(ie)), 1) = Z pe(i)pe()Ent(Le (¢ (i)|i™ = j)[[Le(€e(i)))
ij

Now using Cauchy-Schwarz the instantaneous regret is bounded by

\/Zpt )—ftl/ ))? < Zpt pe( Zt("aj))z-

Pinsker's inequality gives (using ||{¢]cc < 1):

(Ce(i) = Le(i, ) < Ent(Le(Ce()]™ = DIILe(Le(7))),

Thus one obtains

Ee(ps — 0, 0e) < \/n L((ie, Le(ir)), i*) .




